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Generalization to higher dimensions of one-dimensional
differential equation for Slater sum of an inhomogeneous
electron liquid for a given local potential
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44/52 Kasprzaka, 01-224 Warsaw, Poland
$Oxford University, Oxford, England, UK

(Received in final form 30 May 2005)

The Slater sum S(r, ) is the diagonal element of the canonical or Bloch density matrix, and by
spatial integration yields the partition function. In one dimension, for independent electrons
moving in a common potential v(x), the work of March and Murray (Phys. Rev., 120, 831
(1960)) already yielded a third-order partial differential equation for S(x, ). But to date, a
generalization to higher dimensions for independent electrons in a given v(r) has not been
effected. Here, using the differential virial equation (Holas and March, Phys. Rev. A, 51,
2040 (1995)) such generalization is derived. As a special case, the known differential equation
for S(r,B) for three-dimensional spherically symmetric harmonic confinement is recovered.
This equation is shown to be valid also for a wider, specific class of three-dimensional spherical
systems.

Keywords: Inhomogeneous electron liquid; Slater sum; Harmonic confinement

1. Background

In the early work of March and Murray [1], central-field problems in a potential v(|r|)
were analyzed using the canonical or Bloch density matrix. This central-field case is,
of course, analogous to a one-dimensional problem. One important result of their
work, written now specifically for one-dimensional motion in a common potential
energy v(x), was the third-order linear partial differential equation for the Slater sum
S, defined by

all

S(x. B) = YY)V (x) exp(—Be). B> 0, (1
J
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where v;(x) and ¢; are respectively the eigenfunctions and eigenvalues generated by the
potential v(x). In some applications B = (kgT)~', where kg is Boltzmann’s constant
while 7 is the absolute temperature. The above differential equation then reads

183S(x, B) _ 32S(x, B) () aS(x, B) n ldv(x)

8 o3 axop ox 2 dx

S(x, B) 2

(atomic units are used throughout this article).

2. Differential virial equation in terms of density and density matrix
In an attempt to generalize equation (2) to higher dimensions, we next invoke the
so-called differential virial equation derived by Holas and March [2]. If we consider

a noninteracting many-electron system moving in a general one-body potential w(r),
for arbitrary dimensionality of the space D =1,2,..., we have

1
—n(r, E)Vv(r) = z(r, E) — ZVVzn(r, E). (3a2)
Here, the kinetic vector

2(r, E) = O . )p(r + ¥'s 1 + 1", E)| oy, (3b)

represents a combination of derivatives of the kinetic energy density tensor, so it can be
written as a vector differential operator O acting on the Dirac density matrix

all

p(ri;ea, B) = ) O(E — )Y (r)v7 (1), 4)
7

where © is the unit step function, ®(&) = 1 for & > 0, ®(&) = 0 for £<0. The particle-
number density is given as the diagonal of the matrix p:

n(r, E) = p(r; r, E). )

The normalized orbitals ¥;(r) and orbital energies ¢; are eigensolutions of the
one-electron Schrodinger equation

(£(r) + v(0) Y(r) = (1), (6a)

. 1, 1 & 5
ir) = =5V = —3 > _(3/dr,)" (6b)
n=1

The spin coordinate of the orbital is included to the label j. A constant such that
€ >0V jis added to v(r).
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The o component of the differential operator o [for construction of the kinetic
vector z, equation (3b)] is defined as

~ 1 D 9 9 32 82
O0u(r',x) =5 |- ——+—— . «=12....D 7
. r) 2;(8% + 8r/,§> (81*0’(8;”,@ + argdr' * )

1

(see Holas and March [2]). In the case when 0 is acting on a real, symmetric
matrix [e.g., when p, equation (4), is constructed of real orbitals only], this operator
simplifies to

OAQ(I‘/ r//) — i i_‘_ 9 8—2 (8)
’ i dry o) o, or

3. Differential virial equation in terms of Slater sum and canonical density matrix

The Dirac density matrix p(ry;r;, E), equation (4), is related to the canonical density
matrix

all

Clris r2, B) = Y v(r)¥ (r) exp(—Be). B> 0, 9)
J
by the Laplace transform (March and Murray [1])

ﬂ”%mm@=A<MMUmemﬁﬂ (10)

and this transform relates also the density n(r, E), equation (5), to the diagonal of C —
the canonical particle-number density (called the Slater sum, the object of our interest)

S(r, p) = C(r; 1, ). (11

The canonical density matrix, equation (9), satisfies the Bloch equation [3]

N aC(ry; ry,
R (12
By inserting r; = r; =r, the B derivative of the Slater sum is obtained
aS(r,
D) ke, p) — v(0) S(e. ) (130

p
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where the canonical kinetic energy density is
1 yas oy
k(r, p) = 5(1(r )+ 1) Cr+ 15 v+ 1", B)le—p—o (13b)

(this symmetric expression is an average of two equivalent forms).
After applying the Laplace transform to both sides of equation (3a), we obtain
immediately the sought for differential equation for the Slater-sum function

1
—S(r, HVu(r) = Z(r, B) — ZVVZS(L B)s (14a)
where the canonical kinetic vector

Z(r, ) = O, t")C(x + ¥t + 1, B)lo_r_o, (14b)

is, in fact, the Laplace transform of the kinetic vector z(r, E), equation (3b).
Equation (14) represents the main result of our article.

4. Proof of generalization

To see that equation (14) is really a generalization to higher dimensions of the one-
dimensional equation (2), let us rewrite this equation (14) for D=1, reducing r to x:

dv(x) 19S(x, B)
_ I _1aS(x, B) |
:;(A% ﬁD dx (A% ﬁD 3 90 s ( 53)
where, according to equations (14b) and (7),
200 = (4 ) g O+ X+ (15b)
b} - ax/ ax// axlax// s B X'=x"=0"

To make equation (2) comparable with equation (15a), we substitute for aS(x, 8)/9p
the expression given in equation (13a) and obtain, after a simple algebra,

d . 18S(x,
s ) = 2 gy - T, (162)
where
- d 19S(x,
20 ) = o <2 k(x, p) + 5%) (16b)
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With the help of equations (13b) and (11), this Z can be rewritten as

: 19 0\ () (o) .
Z(x, B) 255 (_(@) _<axu) +<£) )C(x+x,x+x s Bl (17)

After replacing 9/dx by (9/0x" + 9/0x”), we arrive at

Z(x, ) = 6(x', X") C(x + X3 X + X", B)ly—r—o» (18a)

where

o(x' x”)—l i+ 0 9 2 0 2+ i+ AN
T2 \ax T ax” ax’ ox" ax  ax”
1 0 d Jd o
=— (— 2 ———|). 18b
s (v a0) (2ava0) (15t

Thus Z(x, B), equation (18), coincides with Z(x, B), equation (15b). This ends the proof
that our generalization, equation (14), taken for D =1 is equivalent to the early result
derived by March and Murray [1] for D=1, equation (2). Although equation (2)
involves only two functions — the system potential v and the Slater sum S — together
with their derivatives (including the derivative of S with respect to f), it can be rewritten
in a form where the B derivative is eliminated, but at the cost of involving spatial
derivatives of the canonical density matrix C [taken at its diagonal, see equation (18)].
The generalization to higher dimensions repeats this last form, i.e., it involves both S
and C, equation (14).

5. Example of three-dimensional isotropic harmonic oscillator

For the system of independent electrons in D =3 moving in the isotropic harmonic (IH)
confinement

W(r) = v(r,w) = %a)zrz (19)

(the constant «® controls its strength), the canonical density matrix is known

(Sondheimer and Wilson [4])

r + 12\’

Ctrsns o) = Mgy exp —odpo) ("5 2) —oBpo) (" T2) ). o

where

w

3/2

N(B, w) = (



07:40 28 January 2011

Downl oaded At:

470 A. Holas and N. H. March

The Slater sum, equation (11), follows from it in the form

S(r, B, w) = N(B, ) exp(—wA(pw) 7). (21)

We are going to verify that the above written canonical density matrix C and the
Slater sum S satisfy our equation (14). Due to the isotropy of the system, this vector
equation reduces to one equation for the radial component (formally, after multiplying
equation (14) by ar/or, i.e., r/r)

8v(r w)

S(r, Bow) = Zuaar.B.0) ~ 2 VS(r. .00, (22a)

where the radial component of the canonical kinetic vector is

Zualr B @) = Y Zy(r. fuo). (22b)

o

It can be evaluated immediately using results obtained in Appendix A. By comparing
equation (20a) with equations (A4) and (A3) we find for the IH confinement

C(&1, 82, &, B, w) = N(B, w) exp(—wA(Bw)El — wB(Bw)éy) (23)

(here C happens to be independent of &;). The 2nd- and 3rd-order derivatives of C,
which occur in equation (AS), are evaluated according to equation (A9) applied to
equation (23). The results are

Cao0 = (wA)’S, Ci1o = wA wBS = &S, (24a)
Cio0 = —(@A)’S, Cy=0 for 1#£0. (24b)

After inserting them into equation (A8) we obtain finally
Zad(r, B, @) = [S(@A)’r — @’r = 2wA)*'r*]S(r, B, ). (25)

Due to the spherical symmetry of S, the term involving its Laplacian
X 3> 29
VS, Bow) = | (=) +=7 |0, B, w) (26a)
or ror

in equation (22a) is

) 22
—VzS(r B, w) = [(;) +r(§r> —rzaar]S(r, B, ). (26b)
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Differentiation of S, which is given in equation (21), gives

as ) &S
5, = ~20ArS. ﬁ:(—Za)A—i—(ZwAr)z)S, =5 =300 A7 — QwAr)))S.  (27)
So
‘%a—vzs@ B. @) = [~S(@APr + 2wA)r*]S(r. B, w). (28)

By noting that the derivative of the IH potential, equation (19), is dv(r, )/dr = w’r,
we see that the sum of equations (25) and (28) equals —Sdv/dr, so equation (22a) is
really satisfied.

Amovilli and March [5] derived the following partial differential equation for the
Slater sum of the considered system:

17\ 1 /a\> /1 8818v(rw)
[8(&) +4r(ar) <42+v(rw)+aﬁ) s }S( Bwo)=0. (29)

With the help of equation (26) it can be rewritten as

1o _, aS(r, B, w) lav(r )
ga—VS(rﬁa)) (( )+8,B) o —I—Z S(r, B,w) = 0. (30)

After eliminating 3S/d8 with the help of equation (13a) and some simple algebra the
following equation is obtained

_S(r. B, )Bv(r , W)

9 Lveg, _1og
8<3 k(r, B, w)—l-gV S(r, B, w)) 48rV S(r, B, w). (31)

This radial equation for the Slater sum in terms of r is quite similar to the
one-dimensional equation in terms of x, equation (16). When compared with
equation (22a), we see that

7 (r, B, w) = <3 k(r, B, ) + %VzS(r, B, w)), (32)

plays the role of an alternative expression for the radial component of the canonical
kinetic vector. The coefficients in the expression for Z?}l‘d(r, B, w) are different than in
its one-dimensional analogue Z(x, 8), equation (16b).

To evaluate Z;‘alfd, let us differentiate k(r, B, w) from equation (A10), remembering
that in the present system Cj;; =0 for /# 0, and that arguments of C; are given in

equation (A9b):

ok(r.pow) O 3 5 - T T P
— & "3 _Z(CIOO + Coro) — Eczoor = —2C200 - 2Cllo — Caor”. (33)
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Having this result for dk/or [with the values of C~’4-,»1 taken from equation (24)], and
equation (28) for the Laplacian term, we obtain from equation (32) the final expression
for the alternative radial component of the kinetic vector

7 (r, B, w) = —|:—§(a)A)2r — ga)zr + (wA)3r3]S — i[—S(wA)Zr +2(wA)*r]S

= [S(wA)r — &*r — 2(wA)’r*]S(r, B. w). (34)

As we see, this expression, obtained from S(r, 8, w) by means of differentiations (includ-
ing also 9/9B) is exactly the same as the radial component of the kinetic vector
Zad(r, B, w), equation (25), obtained from the Bloch matrix C(r;;r;, 8, w) by means of
differentiations. Thus the Amovilli-March [5] partial differential equation for the
Slater sum of the IH system, equation (29), is equivalent to the the radial component,
equation (22a), of our generalization, equation (14a), at D=3.

6. Other three-dimensional isotropic systems

It would be interesting to check if the Amovilli-March [5] partial differential equation
for the Slater sum obtained specifically for the IH system, equation (29), is valid
for other isotropic systems. For that reason we should evaluate Za“d(; B, w),
equation (32) and Z..q4(r, B, w), equation (22b), both for a general isotropic system
and compare them.

The results obtained in the Appendix A, equations (A10) and (A11), applied directly
to Z(r, B, w), equation (32), yield

2 1\N[3 =~ ~ ~ ~ Ir -~ -
Zo(r, o) = { < 5) [5 (Cro0 + Cor0) + (Caoo + 2C001)V2] + §[6C100 + 4C20072]}

3
03 ~ 1~ ~ 2.
= [2 Cioo — §C010 + (Czoo - §C001)V2]
.. 4 . 4a
= | 5Cy0 — Ci10 — §C001 r+{2C300 — §C101 . (35)

Let us compare this result (35) with Zy,4(r, B, @) given in equation (A8). The coefficients
at Cy, Cr10, and Csg, are the same, while those at Cyy; and Cyg; are different. This
means that the Amovilli-March [5] partial differential equation for the Slater sum,
equation (29), is not valid for a general isotropic system. However, it is valid for specific
isotropic systems having the canonical density matrix in the form

C(ri; 12, ) = C(&1(r1,12), E2(r1,12), ) (36)

[see equation (A3) for &,]. It differs from C for a general isotropic system,
equation (A4), by being independent of &;(r;,r») (therefore resulting in Cj = 0),
however, the form of its dependence on & and &, remains arbitrary. In the case of
the IH system — an example of this specific isotropic system — that dependence is
exponential, equation (20a).
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7. Conclusions

Equation (14) — our main result — represents generalization to higher dimensions
of the March—Murray [1] one-dimensional differential equation for the Slater sum,
equation (2). For isotropic systems, this vector equation (14) reduces to the radial-
component equation (22). The Amovilli-March [5] differential equation for the Slater
sum of the isotropic harmonic-potential system, equation (29), is shown to be valid
also for a wider class of isotropic three-dimensional systems having the canonical
density matrix in the form (36).
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Appendix A: Canonical kinetic vector and kinetic
energy density for spherical systems

For spherical (isotropic) systems, characterized by v(r) = v(|r|), the eigensolution of the
one-electron equation (6) can be written in the form [6] {€},, ¥, (1)}, labeled with the

orbital quantum number (QN) /=0, 1,..., the magnetic QN m = —/[,(=/+1),....1,
and the radial QN n» =0, 1, ..., where

Yium(r) = V_IXln(")Ylm(f)s r=1r|, r=r/r, (A1)
with y;,(r) being the real eigenfunction of the radial Schrédinger equation, and

Y)n(f) — the spherical harmonic function. The Dirac matrix, equation (4), for this
system is therefore

o0
p(ri; 10, E) = ) Ri(ri;r, ) P(fr - ), (A2a)
=0

where, including the spin degeneration,

Ri(ri;r, E) =2 Z O(E — €)1 xin(r1) 15 xin(r2)(21 + 1)/(47) = Ri(ra; 11, E),  (A2b)

and P,(¢) is the Legandre polynomial, because it satisfies the identity

3 Vi Y, Vi =" L pi ) (A2¢)

m=—I

As we see, the Dirac matrix p, equation (A2a), depends on three scalar variables ry, r,,
and ¢ =F;-I, — three invariants constructed of two vectors r; and r,. This matrix is
symmetric in r; <> r; and real. The canonical density matrix C(r;;r3, 8), equation (9),
being the Laplace transform of p(r;;r;, E), equation (10), shows the same properties.



07:40 28 January 2011

Downl oaded At:

474 A. Holas and N. H. March

Therefore, the simplified form of the differential operator Oy (r', r”), equation (8), acting
on C can be applied.
It will be convenient to consider C to be a function of three other invariants, namely

&1(r,1) = (rl —;rz)z: %[”% + 13+ 2r112¢], (A3a)
e = (L5 2) =4[+ - 2nmd], (A3b)
n(ry,r) = @ = # (A3c)
The constraint
< 4616 (A3d)

should be imposed in order to have (F; - f2)2 < 1 satisfied. The set {&], &, n} of invariants
is equivalent to the original set {rj,r;,¢} because, besides the transformation
{ri,r, ¢} — {&1,&,n}, shown above, a reciprocal transformation is possible:
n=E+a+n"2 n=E+a-n" c=E -6)(E +&) - 7’/2)71/2~ While &,
and &, are symmetric in r; < rp, 1 is antisymmetric. Therefore C should depend on

E(rr) = n(r,r) = [(rl_r%&}z (A3e)
rather than on n to preserve the symmetry:
Criira. p) = C61.62.63. ). (A4)
In terms of C, the Slater sum is
S(r, p) = C(r;x, p) = C(%,0,0, B) = S(r, B). (AS5)

When evaluating k(r, 8), equation (13b) with (6b), or Z,(r, B), equation (14b) with (8),
the chain-rule differentiation of C is applied, e.g.,

0 /. 1 _ : a(’N‘(Sl 5 §2a ‘§3a :B) aéa(r + l'/, r+ l'//)
8r&C(rer,r—i—r,,B)—X: %, o )

a=1

(A6)

According to equation (A3) in the three-dimensional space, the functions
E(r+r,r+1r"), a=1,2,3, which occur in equation (A6), are

3

2

1 / a 3 1 / /! 1 3 / /! / /!

E.60.6 =) SO+ )t Y 0 =) Z(Z(r,,b—r,txzr,,&rﬁr,t)).
n=1 n=1 n=1

(AT)

Second and third derivatives of C are evaluated similarly.
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After all differentiations and a tedious but straightforward algebra, the following
result is obtained for the radial component of the canonical kinetic vector,
equation (22b),

Zrad(r, B, @) = (5C200 — Cr10 — 8Co01)r + (2C300 — 4C101)r, (A8)
where

o ai+i+lé(§1’ %_2’ %_3’ ,3)
ERCTCSTCS A

(A9a)

taken at ¥ =r" =0, i.e., at

(513$2353a :8) = (rzaoa O’ :8) (A9b)

The kinetic energy density k(r, B), equation (13b), for isotropic systems can be also
evaluated using the same methods. The result is

13 - - . .
k(r, B) = —§|:§ (Cro0 + Co10) + (Capo + 2C001)V2i|' (A10)

Finally, evaluation of the Laplacian of S, equation (26a), for S given in equation (AS),
results in

V2S(r, B) = 6Cio0 + 4Cao0r”. (Al1)
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